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https://www.htsmodelling.com/?page_id=748#Ps_model

Motivation

 Static Current Modeling 

- A simplified approach : 2-d planar model with  

 Efficient Evaluation for the Nonlinear Solution   
- Indirect method using the P indicator of E-field uniformity  

         

⃗J // ̂z

E(J) = Ec
J

Jc( ⃗B )

n

⟶
J = Jc( ⃗B ) × P

P = E/Ec

1
n

: A self-consistent critical current model 

✓  It has been introduced as a magnetostatic model  
  in A-formulation, …   
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✓ It’s a magnetostatic model in A-formulation, …   

∂Ω

̂x
̂y

̂z

Ω
I(1) I(2)

Ω(1) Ω(2) Ω(N)

I(N)

P(i) =
I(i)

∫
Ω(i)

Jc( ⃗B )dυ

 the component-wise indicator 
    of E-field uniformity

∇2Az − μ0Jc(B) ⋅ P(i) = 0
 A-formulation simply leads  

    an elliptic PDE

✓ Any alternative in H-formulation?! 
∂μ ⃗H

∂t + ⃗∇ × (ρ ⃗∇ × ⃗H) = 0

ρ(J) = EcJc( ⃗B ) P(i)
n−1
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✓ Quite long time ago.. 

➡ A Weak Form on the Divergence-free Field  
-  The integral implies the total magnetic energy in the 
whole space 

 

➡ Penalization to impose the Ampère’s law 
-  The penalized vector potential just makes the magnetic 
model involve the Ampère’s law.    

                      

➡ Free Boundary Solution in the Outside 

 

∫
Ω

⃗B ⋅ ⃗H′ dx2 − ∮
∂Ω

( ⃗A × ⃗H′ ) ⋅ ̂n dl − ∫
Ω

⃗A ⋅ ( ⃗∇ × ⃗H′ ) dx2 = 0

⃗A = 1
ν ( ⃗J − ⃗∇ × ⃗H) in Ω

⃗A = (a + a0) ̂z at ∂Ω, where
⃗H − ⃗H0 = ⃗∇ × (a ̂z)

⃗H0 = ⃗∇ × (a0 ̂z)
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✓ So.. 

∫
Ω

μr
⃗H ⋅ ⃗H′ dx2 + 1

μ0ν ∫
Ω

( ⃗∇ × ⃗H) ⋅ ( ⃗∇ × ⃗H′ ) dx2

+ ∮
∂Ω

( ∂φ
∂n + ⃗H0 ⋅ ̂n) φ′ dl = 0

Nonlinear  
permeability No source current

Magnetic  
scalar potential

➡ Static H-formulation for HTS modeling 

∫
Ω

⃗H ⋅ ⃗H′ dx2 + 1
μ0ν

∫
Ω

( ⃗∇ × ⃗H − ⃗J ) ⋅ ( ⃗∇ × ⃗H′ ) dx2

✓ Let’s close it by setting up the boundary problem…

+ ∮
∂Ω

(a + a0) ⃗H′ ⋅ ̂τ dl = 0

∮
∂Ω

∂a
∂n

a′ dl + ∮
∂Ω

( ⃗H ⋅ ̂τ − ⃗H0 ⋅ ̂τ)a′ dl = 0

 +  = 0  

  +  = 0

h′ ⋅ [F] ⋅ h − h′ ⋅ [V] ⋅ j h′ ⋅ [C]T ⋅ (a + a0)
a′ ⋅ [B] ⋅ a a′ ⋅ [C] ⋅ (h − h0)
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∮
∂Ωc

∂a( ⃗r)
∂n

a′ ( ⃗r)dl = − 1
2 ∮

∂Ωc

κ( ⃗r)a′ ( ⃗r)dl + ∮
∂Ωc

dl1 ∮
∂Ωc

dl2 κ( ⃗r1)a′ ( ⃗r2)
∂G( ⃗r1, ⃗r2)

∂n1

∮
∂Ωc

a′ ( ⃗r)a′ ( ⃗r)dl = ∮
∂Ωc

dl1 ∮
∂Ωc

dl2 κ( ⃗r1)a′ ( ⃗r2)G( ⃗r1, ⃗r2)

Ω
∂Ω

Ω(1) Ω(2) Ω(N)

J(1) J(2) J(N)

Ωc
∂Ωc

Ω(1) Ω(2) Ω(N)

J(1) J(2) J(N)

∮
∂Ω

∂a
∂n

a′ dl + ∮
∂Ω

( ⃗H ⋅ ̂τ − ⃗H0 ⋅ ̂τ)a′ dl = 0

 We like to solve  
the Laplace’s equation  
in the rest of the free space.

  =   
  =  

a′ ⋅ [B] ⋅ a a′ ⋅ [H] ⋅ κ
a′ ⋅ [Q] ⋅ a a′ ⋅ [K] ⋅ κ

[B] = [H][K]−1[Q]  the Green’s function formulae

✓ What about the boundary problem? 
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✓ Modeling in FreeFEM++ language 

varf F([Hx, Hy], [hx, hy]) 

= int2d(Th)(Hx*hx + Hy*hy)  
+ int2d(Th)((dy(Hx)-dx(Hy))*(dy(hx)-dx(hy))/v)     
- int2d(Th)(J(Hxp,Hyp)*(dy(hx)-dx(hy))/v); 

∫
Ω

⃗H ⋅ ⃗H′ dx2 + 1
μ0ν

∫
Ω

( ⃗∇ × ⃗H − ⃗J ) ⋅ ( ⃗∇ × ⃗H′ ) dx2

⟶ h′ ⋅ [F] ⋅ h − h′ ⋅ [V] ⋅ j

varf C([Hx, Hy], [a]) 

= int1d(ThL)((Hx*Tl.x+Hy*Tl.y)*a);

1
μ0

∮
∂Ω

( ⃗A × ⃗H′ ) ⋅ ̂n dl = ∮
∂Ω

( ⃗H ⋅ ̂τ)a′ dl
⟶ h′ ⋅ [C]T ⋅ a

varf K(a, ka) = int1dx1d(ThL)(ThL)
(BEM(BemKernel("SL", k=0i), a, ka)); 

∮
∂Ωc

dl1 ∮
∂Ωc

dl2 κ( ⃗r1)a′ ( ⃗r2)
∂G( ⃗r1, ⃗r2)

∂n1
− 1

2 ∮
∂Ωc

κ( ⃗r)a′ ( ⃗r)dl varf H(a, ka) = int1dx1d(ThL)(ThL)
(BEM(BemKernel("DL", k=0i), a, ka)) 
-int1d(ThL)(0.5*a*ka); 

∮
∂Ωc

dl1 ∮
∂Ωc

dl2 κ( ⃗r1)a′ ( ⃗r2)G( ⃗r1, ⃗r2)

∮
∂Ωc

a′ ( ⃗r)a′ ( ⃗r)dl

⟶ a′ ⋅ [H] ⋅ κ

⟶ a′ ⋅ [K] ⋅ κ

⟶ a′ ⋅ [Q] ⋅ a
varf Q(a1, a2) = int1d(ThL)(a1*a2); 
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Testing the numerical scheme (1/2) 

[[F] [C]T

[C] [H][K]−1[Q]] [ h
a + a0] = [ [V] ⋅ j

2[C] ⋅ h0]
• Dia. superconductor (red) : 0.2 mm  
• Dia. of air volume (black) : 0.5 mm  
• Jc0 = 45 kA/mm2 

• Bc = 3500 Gauss 
• n = 21 
• b = 0.6  

188 vertices for 344 triangular elements 
: “RT1Ortho” (2-d Nédélec) elements  
and “P1” (piecewise linear) boundary elements  

Jc( ⃗B ) = Jc0 1 +
Bc

⃗B

b

J = Jc( ⃗B ) P

E/Ec = J/Jc
n

 the background field 
  on the right side  
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B(T) 
 

B(T) 
 

B(T) 
 

B(T) 
 

B0 = 0 T 
 

B0 = 0.5 T 
 

H-formulation 
 

A-formulation 
 

Testing the numerical scheme (2/2) 
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Benchmark Study (1/2) 

✓ A Roebel Cable with 10 strands  
• Jc0 = 45 kA/mm2 

• Bc = 3500 Gauss 
• n = 21 
• b = 0.6   
• k = 0.25 (anisotropic)

Jc( ⃗B ) = Jc0 1 +
Bc

k2B2
x + B2

y

b

https://www.htsmodelling.com/?page_id=748#Ps_model

 The same mesh structure to 
the reference of A-formulation

B0 = 0 T 
 

B0 = 0.1 T 
 

H-formulation 
 

A-formulation 
 

H-formulation 
 

A-formulation 
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Benchmark Study (2/2) 
B0 = 0 T 

 

H-formulation 
 

A-formulation

Background 
Field (T) Formulation (A) 

CPU time 
of           (s) (A) 

CPU time 
of           (s)

0.0
H-formulation 535.64 14.77 539.05 15.89

A-formulation 535.76 20.91 539.14 20.01

0.1
H-formulation 353.10 12.99 382.57 7.88

A-formulation 352.88 27.11 382.34 34.05

IMAX
c IAVG

c
IMAX
c IAVG

c

D. K. Oh, "AN ALTERNATIVE IN H-FORMULATION TO THE 
CRITICAL CURRENT MODEL OF HTS CONDUCTORS," in 
IEEE Transactions on Applied Superconductivity (in press). 

doi: 10.1109/TASC.2022.3179709. 
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What to the next?

A COMSOL model for complement  
: Thanks to the advice of the experts (Linus Andersson and Boggavarapu 
Sairam of the COMSOL support team).. 

✔  Another way to assign the background field to the domain of cross 
section instead of the boundary  

: The idea is clear, but I’m not sure to justify the efficacy. 

❌  Application to the 3-D modeling 
: Not yet..
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A COMSOL model 

∫
Ω

⃗H ⋅ ⃗H′ dx2 + 1
μ0ν ∫

Ω
( ⃗∇ × ⃗H − ⃗J ) ⋅ ( ⃗∇ × ⃗H′ ) dx2

∮
∂Ω

(a + a0) ⃗H′ ⋅ ̂τ dl

∇2(a + a0) = 0

−
∂
∂n

a = ( ⃗H − ⃗H0) ⋅ ̂τ
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✔ Background field scheme 
: The idea is quite clear, but I need to justify its use.

[[F] [C]T

[C] [B] ] [ h
a + a0] = [ [V] ⋅ j

2[C] ⋅ h0]

[[F] [C]T

[C] [B] ] [ h
a − a0] = [[V] ⋅ j − 2[C]T[B]−1[C] ⋅ h0

0 ]

 A kind of projection 
to the boundary 

 Superposed 
 to the domain         
of the cross section

✓  In COMSOL, the former approach is preferable, as it is absolutely natural 
to assign the background field to the “flux/source” item of the boundary. 
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To do

❌ Application to the 3-D modeling 
: Any idea of collaboration is welcome.


